Abstract -We theoretically study the dynamics of a pair of coupled pendulums subject to a periodic temporal modulation of their oscillation frequency. Inspired from analogous developments in quantum mechanics, we anticipate dynamical localization and dynamical isolation effects, as well as the occurrence of non-trivial coupling phases. Perspectives in the direction of studying synthetic gauge fields in a classical mechanics context are outlined.
Introduction. -Dynamical localization is a surprising consequence of quantum mechanics applied to particles moving in periodic potentials and subject to a strong time-dependent external force. This effect was first predicted in a solid state context [1] [2] [3] : when a strong a.c. field is applied to a metal, its conductivity in response to a weak d.c. field is anticipated to be dramatically suppressed for certain values of the a.c. field amplitude. A closely related effect is the coherent destruction of tunneling in a double-well geometry, first predicted in [4, 5] .
While the experimental study of these effects in solids is made difficult by the unavoidable material imperfections and electronic decoherence, the robust coherence and the clean periodic potential experienced by atomic matter waves in temporally modulated optical lattices has allowed for a clear observation of Bloch band suppression in a new atomic physics context [6] . Further studies of dynamical matter wave localization effects were reported in [7, 8] using Bose-condensed atomic samples. Following the proposal [9, 10] , this research line culminated in the observation of a dynamically-induced superfluid to Mott-insulator transition [11] .
Very exciting further developments of these ideas aim at using more complex modulation schemes to generate non-trivial hopping phases between the lattice sites [12, 13] and then synthetic gauge fields for neutral atoms [14] [15] [16] [17] . Correspondingly to these advances in atomic physics, the same ideas are being explored in photonics to observe dynamical localization of light in coupled optical waveguides [18] and, very recently, to generate synthetic gauge field for photons [19] .
In this Letter, we report a theoretical study of dynamical localization phenomena in a classical mechanics context. The dynamic stabilization of the inverted pendulum when its pivot point is made to oscillate in space is a well celebrated example of non-trivial mechanical effect stemming from a temporal modulation of the system parameters [20] . Here we consider a system of two coupled pendulums, whose oscillation frequencies are independently and periodically varied in time. In analogy to the coherently suppressed tunneling of a quantum particle in a double-well potential, we predict a dynamical decoupling effect, where exchange of energy between the two pendulums is suppressed. When the pendulums are driven by an external force, a novel dynamic isolation effect is anticipated, where the temporal modulation effectively decouples the system from the external driving.
The system and the theoretical model. -The system of two identical coupled pendulums is modelled as a pair of coupled harmonic oscillators of equal masses m following the motion equations:
(1)
The x Each pendulum contains a magnetized element and the modulation of the oscillation frequency of each pendulum is controlled by the time-dependent current i1,2(t) flowing in the coil located under the pendulum. The first pendulum may be externally driven by a time-dependent force Fex(t).
smaller than the length L of the pendulums, |x 1,2 | ≪ L: in this regime, the natural oscillation frequency of each isolated pendulum is the usual ω 0 = g/L. The friction constants of the two pendulums have the same value ξ 1 = ξ 2 . The coupling between the pendulums occurs via a spring of constant k.
The key element to achieve the dynamical localization and dynamical isolation effects is the temporal modulation of the system, which is included in Eq. (2) and Eq. (4) as a temporal modulation of the restoring force strengths of relative amplitude ν 1,2 (t). One of the possible concrete realizations of this model is sketched in Fig. 1 : each pendulum contains a magnet which feels the magnetic field generated by a coil located below its axis. In this way, the gravitational restoring force felt by each pendulum is supplemented by a contribution of magnetic origin, which can be controlled via the (time-dependent) current i 1,2 (t) flowing in the corresponding coil. The effective modulation of the natural oscillator frequencies is then described by the following:
with the parameters ν 1,2 (t) proportional to the currents i 1,2 (t).
The four equations of motion Eqs. (1)- (4) can be summarized in a pair of complex equations:
for the α i=1,2 complex variables defined as:
Complex conjugate equations hold for the α * 1,2 . For notational simplicity, we have also introduced the rescaled quantities:
In order for the coupling between the oscillators to be effective, the strong coupling Ω ≫ γ i condition will be assumed. In the following we shall concentrate our attention on sinusoidal modulations of the form:
where the modulations for the two pendulums have the same frequency w but opposite phases. As we shall see better in the following of this Letter, a most convenient regime where to obtain and observe the dynamical localization physics is characterized by the inequality chain:
The latter inequality is essential to describe the system in terms of an effective, time-averaged coupling. The former inequality helps to reduce those parametric instabilities that might otherwise occur for large values of the modulation amplitude I 0 [21, 22] .
Dynamical decoupling of the oscillators. -As a preliminary step, we have numerically integrated Eq. (6) in the vanishing friction case, γ 1,2 = 0. The integration method is a standard fourth order Runge-Kutta. In Fig. 2 we have plotted the evolution of the |α 1,2 | sampled at periodically spaced times T j = 2πj/w with the frequency w of the modulation. When only these stroboscopic times are considered, the system is described by a time-independent discrete evolution law. The different panels of Fig. 2 correspond to the same modulation frequency w but different values of the amplitude I 0 .
In panel (a), there is no modulation, I 0 = 0: the amplitudes of the two oscillators exhibit the usual beating phenomena, i.e. a periodic exchange of energy between the oscillators at the coupling frequency Ω. For increasing values of the modulation amplitude I 0 , the frequency of the beating is modified as a result of the modulation v i (t): in particular, for the parameters of panels (b) and (c), the beating frequency is more and more reduced. For even larger amplitudes I 0 , a non-monotonic behaviour of the effective beating frequency is observed (not shown).
Experimental proposal and dynamical isolation. -
In order to perform a quantitative study of the effect of the modulation and, at the same time, to propose a viable procedure to experimentally observe these phenomena, it is useful to consider the realistic case of dissipative pendulums driven by an external force. While the p-2 (weak) dissipation affects both pendulums with the same rate γ 1 = γ 2 ≪ Ω, the external force is assumed to be monochromatic, F ex (t) = 2f ex cos ω ex t and to act on the first pendulum only. Energy transfer to the second pendulum is made possible by the spring that couples the two pendulums. The driven-dissipative motion equations then take the form:
where we have defined the short-handω 0 = ω 0 + Ω/2. The response spectra of each pendulum as a function of the frequency of the external force ω ex are shown in Fig. 3 for a fixed amplitude of the driving force: for each ω ex , the equations of motion Eqs. (10)- (11) have been integrated until a steady-state regime, showing regular periodic oscillations, is achieved at long times t ≫ 1/γ i . For the stroboscopic sampling at times t = T j = 2πj/w, the steady oscillation has the form:
The (complex) amplitudes A i , whose moduli are plotted in Fig. 3 , are obtained via a Fourier transformation of the stroboscopically sampled numerical solutions. Each panel of the figure corresponds to a different value of the modulation amplitude I 0 and illustrates a different regime.
The standard behaviour is shown in panel (a) for the I 0 = 0 case of no modulation: as expected, the spectra are characterized by a pair of peaks split by Ω and of equal widths γ 1,2 . The lower-(upper-) frequency peak corresponds to the eigenmode of the system where the two pendulums oscillate with the same (opposite) phase. At all frequencies, the oscillation amplitudes of the two pendulums remain comparable.
Panel (b) shows the case where the coupling of the two pendulums is dramatically suppressed: this effect is apparent in the figure as the two peaks merge into a single peak and no significant excitation is transferred to the second pendulum, which remains basically at rest with a negligible oscillation amplitude. This behaviour is the p-3 G. Salerno et al. driven-dissipative manifestation of the dynamical decoupling effect, already seen in the lowest panel of Fig. 2 . Panel (c) shows a novel regime: while some (reduced) effective coupling of the two pendulums is still present, their global excitation by the external force is suppressed. The suppressed excitation is visible as a very small oscillation amplitude of both pendulums. The presence of a significant coupling is apparent in the inset where the response of the first pendulum is still showing a clear doublet.
These different regimes are illustrated in more detail in Fig. 4 . Response spectra like the ones in Fig. 3 have been numerically calculated for a number of different values of the modulation amplitude I 0 . For each of these values, in panel (a) of Fig. 4 , we plot the maximum of the amplitude |A i (ω ex )| over the drive frequency ω ex , that is the resonant response at the peaks. The dynamical decoupling seen in Fig. 3(b) corresponds here to the minimum of max(|A 2 |) that is visible around I 0 /w ≃ 1.2. The dynamical isolation seen in Fig. 3(c) lies in the vicinity of the simultaneous minima of both max(|A 1,2 |) that are visible around I 0 /w ≃ 2.4. In the figure, note the further dynamical decoupling point around I 0 /w ≃ 2.7. The solid lines are the analytical predictions of the rotating wave approximation that will be presented in the next section.
Further insight on the effective coupling of the two pendulums, resulting from the temporal modulation, is given in Fig. 5 . In the upper panel (a) we present the numerically estimated magnitude of the effective coupling between the pendulums: this quantity is observable as the exchange rate of energy between the two pendulums, studied in Fig. 2 , or as the separation between peaks in the response spectra of Fig. 3 . Most remarkable features of Fig. 5(a) are the vanishing effective coupling at I 0 /w ≃ 1.2 and I 0 /w ≃ 2.7, corresponding to the zeros of only |A 2 | in Fig. 4(a) . Another crucial consequence of the temporal modulation is shown in the lower panel Fig. 5(b) . While the eigenmodes of the bare system correspond to in-and oppositephase oscillations, the modulation allows to tune the relative phase of the oscillation of the two pendulums to any value from 0 to 2π. In mathematical terms, the effective coupling develops a non-trivial phase, as shown in the figure. Note in particular how this phase displays π jumps whenever the effective coupling goes through zero. Before proceeding, it is worth noting in Fig. 3 a sizeable global shift of the resonance curves towards lower frequencies for growing I 0 . An explanation of this effect will be given in the next section.
Analytical expressions within the rotating wave approximation. -Analytical insight in the physics of the modulated system can be obtained within the so-called rotating wave (RW) approximation, well-known from quantum optics. This approximation relies on assuming that the natural oscillation frequency ω 0 is much larger than all other internal frequencies in the problem, that is ω 0 ≫ max(Ω, γ i , w, |ω ex −ω 0 |). Since the α variables rotate at ≈ ω 0 and their conjugate variables α * rotate at ≈ −ω 0 , the RW approximation is straightforwardly implemented by neglecting the α * terms in the motion Equations (10)- (11) for the α variables.
To obtain an effective, temporally averaged form of the stroboscopic dynamics of the system, it is convenient to introduce the following new variables:
For the chosen sinusoidal form of the modulation, the phase factor involving the modulation is exactly equal to 1 at the stroboscopic times t = T j = 2πj/w that are considered in the figures. Assuming that the modulation frequency w is much faster than the coupling one Ω, effective equations, which no longer depend on the time t, can be obtained [23] by averaging the RW form of the equations (10)- (11) over a modulation period T = 2π/w:
The effective averaged couplings that appear in Eqs. (14)- (15) are defined by:
and they are complex conjugate to each other, Ω eff 12 = Ω eff * 21 , therefore we can introduce the quantity Ω eff = Ω eff 12 . For the specific modulation considered here, the effective coupling has the simple expression:
in terms of the J 0 zero-order Bessel function. The modulus and the phase of this quantity are plotted as a solid line in Fig. 5 . In particular, the modulus |Ω eff | shows a series of zeros, which are indicative of a complete dynamical decoupling between the two pendulums. The same procedure must be applied to the amplitude of the external driving force in Eq. (14), which gives the effective averaged driving force:
that, for the specific modulation in Eq. (8), has the explicit form:
The zeros of this quantity determine the parameter values at which complete dynamical isolation from the external driving force is found. Explicit forms for the steady oscillation regime can be derived by setting the time derivatives in Eqs. (14)- (15) to zero. In this way, one obtains the following analytical form of the resonance curves as function of ω ex :
While a qualitative agreement with the numerical predictions shown in Fig. 3 is already present at this level, there is still an overall global shift of the resonances. This shift is easily explained by including the leading order correction to the RW approximation. We allow for the α i to also have a small counter-rotating part evolving at frequency −ω ex by writing α i (t) = α
Since the α and the α * are coupled by the non-RW terms in Eqs. (10)- (11) and their complex conjugate equations, corotating contributions appear in the equation for α from the counter-rotating terms of α * . The magnitude of these correction is largest for the term proportional to v i , to which we will restrict for simplicity. A straightforward calculation gives δα
. After substituting this expression into Eq. (10) and isolating the non-rotating terms, we are left with the (time-dependent) frequency shift:
. By averaging over the modulation period of the considered modulation, the effective averaged frequency shift:
is obtained. This is the principal effect of the counterrotating terms beyond the RW, and it is more and more important for growing I 0 . All other non-RW contributions involving Ω and γ i are instead negligible for the chosen parameters. The shift ∆ω 0 can be taken into account in Eqs. (18)- (19) by replacingω 0 withω 0 =ω 0 + ∆ω 0 . In this way, an excellent agreement for the analytical spectra (solid lines) with the result of the numerical simulations (dots) is found in Fig. 3 . This suggests a way to extract an estimate of the effective coupling Ω eff from the numerical results. An explicit expression of it in terms of the oscillation amplitudes is obtained by taking the ratio of Eq. (18) and Eq. (19):
The result of replacing in this equation the β i with the numerically calculated A i is shown by the dots in Fig. 5 and is compared with the analytical RW prediction of Eq. (16) . The agreement appears to be very good for both the magnitude and the phase of the coupling, in particular the position of the dynamical decoupling points at which Ω eff = 0. The small discrepancies occur when both numerator and denominator of Eq. (21) go to zero and the procedure is more sensitive to numerical errors.
p-5
A similar comparison for the effective driving force is performed in Fig.4 , where the numerical results are compared to RW prediction of Eq. (17) renormalized to the peak amplitude of Eqs. (18)- (19) in the small γ 1 = γ 2 limit. The agreement is again very good, in particular for what concerns the position of the dynamical isolation points for which f eff ex = 0 and both max(|A 1,2 |) = 0. Of course, the agreement gets worse when the pendulum frequency approaches the other frequency scales and the inequality chain of Eq. (9) is only marginally satisfied.
Connection to the Bose-Hubbard model. -Before concluding, it is worth to highlight the direct connection of the RW desciption of the system of coupled pendulums to a driven-dissipative version of the Bose-Hubbard (BH) model of quantum condensed-matter. In the presence of an external gauge field [24] , the BH model is described by the Hamiltonian:
whereâ i andâ † i are bosonic on-site operators. The first term describes hopping of the bosonic particles: the hopping amplitude is J and the phase φ ij describes a nontrivial tunneling phase. Of course, non-rotating wave terms do not appear in the standard condensed-matter BH model Hamiltonian in Eq. (22) as they would correspond to processes where the total numbers of particles is not conserved. If particles are instead injected from a coherent source and lost from the system, the theoretical description requires adding a driving term of the form
c.] as well as damping terms, to be typically included at the level of the master equation [25] .
Under the classical approximation where operators are replaced by C numbers, equations of motion analogous to Eqs. (18)- (19) are found. In particular, the complex hopping amplitude of the BH model corresponds to the complex coupling between the pendulums, J e iφij ←→ Ω eff ij : the non-trivial Peierls phase φ ij = ri rj dr · A/ describing the effect of an external vector potential acting on the quantum particles [24] corresponds to a non-trivial phase of the Ω eff ij coupling. An on-site interaction term analogous to the U term in Eq. (22) directly appears when the anharmonicity of the pendulums is taken into account beyond the linearized motion Equations (1)- (4) .
The modulation scheme that has been envisaged in the present Letter for coupled pendulums corresponds to a temporal modulation of the on-site energies of the BH lattice. There is however one crucial difference worth noting: while the global shaking of the optical lattice potential that is typically used for this purpose in ultracold atom experiments [6, 7, 11, 13] can only provide modulation amplitudes that are linearly dependent on the site position [23] , systems of pendulums allow for an individual addressing of each single pendulum. This freedom will be very useful in view of generating synthetic gauge field configurations in our mechanical system [15] .
Final remarks and conclusions. -Inspired by analogous quantum effects, in this Letter we have theoretically studied dynamical localization and dynamical isolation effects in a classical system of two coupled pendulums when a temporally periodic modulation of the oscillation frequencies is applied to the pendulums. The dynamical decoupling effect can be used in mechanical engineering to suppress the coupling between the two pendulums, while the dynamical isolation allows to isolate the system from external forces. Of course, our results are valid for coupled oscillators of any physical nature with a time dependent frequency, for instance temporally modulated RLC electric circuits.
From the point of view of fundamental physics, the non-trivial coupling phase between the pendulums is analogous to the Peierls phase of bosonic Hubbard models of quantum condensed-matter physics. In analogy to orbital magnetism and topological insulation, new intriguing phenomena are expected to appear in multidimensional lattices of many temporally modulated pendulums. Further exciting developments in nonlinear physics are expected to arise as a result of the intrinsic anharmonicity of pendulums.
